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The Cauchy problem for nonlinear quadratic interactions
of the Schrédinger type in one dimensional space
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In this work, we study the well-posedness of the Cauchy problem associated with the
coupled Schrodinger equations with quadratic nonlinearities, which appears modeling
problems in nonlinear optics. We obtain the local well-posedness for data in Sobolev
spaces with low regularity. To obtain the local theory, we prove new bilinear estimates
for the coupling terms of the system in the continuous case. Concerning global results,
in the continuous case, we establish the global well-posedness in H*(R) x H*(R), for
some negatives indexes s. The proof of our global result uses the I-method introduced
by Colliander et al. Published by AIP Publishing. https://doi.org/10.1063/1.5045337

. INTRODUCTION

This work is dedicated to the study of the Cauchy problem for a system that appears model-
ing some problems in the context of nonlinear optics. More precisely, we will study the following
mathematical model:

i0u(x, 1) + pdZu(x, t) — Ou(x, 1) + a(x, )o(x,£) =0, xeR, >0,
iov(x, 1) + g02v(x, 1) — av(x, 1) + Su*(x,1) =0, (D
u(x,0) =up(x), v(x,0)=uvp(x),

where u and v are complex valued functions and «, 6, and a := 1/ are real numbers representing
physical parameters of the system, where o > 0 and p, ¢ = +1. The model (1) is given by the nonlinear
coupling of two dispersive equations of Schrodinger type through the quadratic terms

1
Ni(u,v)=u-v ansz(u,v)zzu-v. 2)

Physically, according to the article,'” the complex functions u and v represent amplitude packets
of the first and second harmonic of an optical wave, respectively. The values of p and g may be 1 or —1,
depending on the signals provided between the scattering/diffraction ratios and the positive constant o
measures the scaling/diffraction magnitude indices. In recent years, interest in nonlinear properties of
optical materials has attracted attention of physicists and mathematicians. Many research studies sug-
gest that by exploring the nonlinear reaction of the matter, the bit-rate capacity of optical fibers can be
considerably increased and in consequence an improvement in the speed and economy of data trans-
mission and manipulation. Particularly in non-centrosymmetric materials, those having no inversion
symmetry at the molecular level, the nonlinear effects of lower order give rise to second order sus-
ceptibility, which means that the nonlinear response to the electric field is quadratic; see, for instance,
Refs. 12 and 9.

Another application for system (1) is related to the Raman amplification in a plasma. The study
of laser-plasma interactions is an active area of interest. The main goal is to simulate nuclear fusion in
a laboratory. In order to simulate numerically these experiments, we need some accurate models. The
kinetic ones are the most relevant but very difficult to deal with practical computations. The fluids
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ones like the bifluid Euler-Maxwell system seem more convenient but still inoperative in practice
because of the high frequency motion and the small wavelength involved in the problem. This is why
we need some intermediate models that are reliable from a numerical viewpoint.?

In the mathematical context, Hayashi, Ozawa, and Tanaka in Ref. 11 obtained local well-
posedness for the Cauchy problem (1) on the spaces L*(R") x L*(R") for n < 4 and H'(R")
x H'(R") for n < 6. In Ref. 14, the time decay estimates of small solutions to the systems
under the mass resonance condition in 2-dimensional space were revised. The authors also
showed the existence of wave operators and modified wave operators of the systems under some
mass conditions in n-dimensional space, where n > 2, and showed the existence of scatter-
ing operators and finite time blow-up of the solutions for the systems in higher dimensional
spaces.

Regarding to qualitative properties of Cauchy problem solutions (1), we know that in the case
where p = g = 1 the system was studied by Linares and Angulo in Ref. 1 for initial data ug, vp in
the same periodic Sobolev space H*(T). More precisely, they obtained local well-posedness results
in H5(T) x H*(T) for all s > 0 and obtained global well-posedness in the space L*(T) x L*(T)
using the conservation of the mass by the flow of the system, that is, the following conservation
law:

E(u(t),v(t))=/ <><)(Iulz+2(T|v|2)a’x=E(uo,vo)- 3

Remark 1. The authors also observed in Comment 2.3 of Ref. 1 that results can be obtained for
data with lower regularity when o is different from 1, including well-posedness in H,,. X H,, for
s > —1/2. Furthermore, in the same work, stability and instability results were established for certain
classes of periodic pulses. Another work devoted to the study of the existence and stability of wave
type pulses for this model is due to Yew (see Ref. 17).

The techniques used in Ref. 1 to obtain the results of local well-posedness follow the ideas in
Ref. 13, developed by Kenig, Ponce, and Vega, where the initial value problem for a Schrodinger
equation with quadratic nonlinearities in both periodic and continuous domains is studied. More
precisely, they considered the following initial value problem:

{iu,+8§u=Nj(u,ﬁ), xeRorxeT,r>0, @

u(x, 0) = up(x),

where Ni(u, #) = uit, No(u, @) = u®, and N3(u, #) = #*. The authors considered ini-
tial data in the Sobolev space H®. In the continuous case, they proved local well-
posedness for s > —1/4 in the case j = 1 and for s > -3/4 in the cases j = 2, 3.
In the periodic case, local well-posedness was obtained for s > 0 when j = 1 and for s > —1/2
when j = 2, 3. To prove the local theory, they used the Fourier restriction method, known in the
literature, as X**-spaces and introduced by Bourgain in Ref. 2. In this functional space, sharp
bilinear estimates were proved. These estimates combined with the Banach Fixed Point Theorem
applied to the integral operator associated with (1) allowed us to obtain the desired local solutions.
The lack of a conservation law for (4) does not allow us to get global results in some space, as
usual.

We note that the results given in Ref. 13 can be applied to system (1) in the case where o= 1. In
this situation, it is not difficult to obtain the local well-posedness in H* X H*® for s > —1/4. However,
a natural question arises:

What would be the scenery of the local and global well-posedness of system (1) when o # 1 and
for initial data in Sobolev spaces, not necessarily with the same regularity?

In this work, we consider the Cauchy problem (1) with any o > 0 and initial data (ug, vy)
belonging to Sobolev spaces H*(R) x H*(R) to answer the previous question. As far as we know, the
local well-posedness for system (1) in low regularity is unknown.
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We will follow the ideas developed by Corcho and Matheus in Ref. 8, where they treated the
Schrodinger-Debye system, modelled by

iu,+%0xzu:uv, xeR, >0,
#U[+U=i|u|2, /’l>07 (5)
u(x,0) =up(x), v(x,0)=u0p(x),

which also has quadratic type nonlinearities and the authors developed a local and global theory
in Sobolev spaces with different regularities. They used the method also based on obtaining sharp
bilinear estimates for the coupling terms in suitable Bourgain spaces as well as the use of fixed point
techniques.

Moreover, in the same work, global results were obtained by using a technique known as the
I-method which was first implemented by Colliander et al. in Ref. 4.

Before enunciating the main results, we have given the following definition.

Definition 1. Given o > 0, we say that the Sobolev index pair (k, s) verifies the hypotheses H 5
if it satisfies one of the following conditions:

(@) Ikl=12<s<min{k+1/2,2« + 172} for 0 < o < 2;
®) k=s=20foro=2;
() lkl-1<s<min{k+1,2k+ 1} for o> 2.

We denote
Wy = {(K, s)eR?; (. 5) verify the hypothesis H } 6)

Throughout the paper, we fix a cutoff function ¢ in C° such that 0 < /(1) < 1,

1, if <1
OE , %)
0, if |1]=2

and yr(0=v(7).

Our main local well-posedness result is the following statement.

Theorem 1. For any o > 0 and (ug, vo) € H* X H® where the Sobolev index pair (k, s) verifying
the hypothesis H, there exist a positive time T =T (||ug|lg«, llvollgs, o) and an unique solution
(u(t), v(2)) for the initial value problem (1), satisfying

Ur(ueX 2t and Yt e Xff:, ®)
ue C(0,T); H*(R)) and ve C([0,T]; H'R)). )

Moreover, the map (ugy, vo) — (u(t), v(?)) is locally Lipschitz from H*(R) x H*(R) into
C([0, T]; HX(R) x H*(R)).

Concerning global well-posedness, we have the following result.

Theorem 2. In the following cases:

e oc=2ands=0;
e o >2ands >-1/2;
e O<o<2ands>-1/4.

The Cauchy problem associated with system (1) is globally well-posed, i.e., there exists a unique
solution for any T > 0 with initial condition (ug, vo) € H*(R) X H*(R).

Now we describe the structure of our work. Section II is devoted to summarize some preliminary
results. In Sec. I1I, we will develop a local theory in Bourgain spaces, following closely the techniques
used in Refs. 13 and 8, where for each positive o~ we obtain quite general results in Sobolev spaces
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FIG. 1. Region W.

with regularities out of the diagonal case « = s. Specifically, we will prove local well-posedness for
data (ug, vg) € H X H® with indices (k, s) € W, (see Fig. 1).
Finally, in Sec. IV, we will use the I-method to extend globally the local solutions obtained for

data in H® x H® with values of s for some negatives. More precisely, we have regularity —% <s<0

when 0 < 0 < 2 and —% <s<0 when o > 2. At this point, the use of a refined Strichartz-type

estimate in Bourgain’s spaces for the Schrodinger equation will be crucial. For details, the reader can
see Ref. 5.

Il. PRELIMINARY RESULTS

We consider the equation of the form
0w — P(—idy)w = F(w), (10)

where ¢ is a measurable real-valued function and F is a nonlinear function.
The Cauchy problem for (10) with initial data w(0) = wy is rewritten as the following integral
equation:

w(t)=We(H)wo — i/ We(t — t)F(w(t"))dt’, 11
0

where W (1) = e~ 1P(=10) g the group that solves the linear part of (10).
Let X*-?(¢) be the completion of S (R?) with respect to the norm

1 s 3= [ W 0 | e e
et (@), a2
=[&r @+ o@F .o

The following lemma was proved while establishing the local well-posedness of the Zakharov
system by Ginibre, Tsutsumi, and Velo in Ref. 10.
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Lemma 1. Let —% <b'<0<b<b + 1, ¢ be a cutoff function, and T € [0, 1]. Then for
F € X*Y(¢), we have

1W< Cllwolles (13)
t
Yr(h) / Wy (t — t)F(w())dt’ < CT"P||F |l - (14)
0 X0 (¢)
Proof. See Lemma 2.1 in Ref. 10. O

In our case, we shall use the space X*-?(¢) for the phase functions ¢ (&) = £> and ¢,(¢) = a&?.
Indeed we can rewrite system (1) in the form
10 — ¢1(—i0)u — Bu + v =0,
(15)
00 — ¢Pa(—id)v — av + ‘2—‘u2 =0, a>0.

Then we have
2

XK’b((b]) :XK’b’ W(m — ell‘ax

and
Py
Xs,b(¢a) :XhY,b, W¢u — emta)( .
We finish this section with the following elementary integral estimates which will be used to

estimate the nonlinear terms in Sec. III.

Lemma 2. Let p, q > 0, for r = min{p, q} withp + q > 1 + r, there exists C > 0 such that

dx C
< . 16
/R<x—a>P<x—ﬁ>q<<a—ﬁ>r (16)

Moreover, for q > %,

dx
——<C Il ag,a; €R. 17
/R (g + a1x +x2)4 for all @, a1 17

Proof. See Lemma 2.3 in Ref. 13. O

lll. BILINEAR ESTIMATES FOR THE COUPLING TERMS

The main results in the section are the following propositions which present the bilinear estimates
for different values of o > (. Each case leads us to different restrictions on the Sobolev indices s
and k.

A. Bilinear estimates for o > 2

Next we prove a new bilinear estimate when o > 2 (o = 1/a).

Proposition 1. Let 0 <a< % (equivalently o > 2), u € X and v GX;’b with 1/2 < b < 3/4, 1/4
<d < 1/2,and |kl — s < 1, then the bilinear estimate holds

1% - vllged < Cllullges - [0]lgss- (18)

The second result is the following

Proposition 2. Let0<a< % (equivalently o >2) and u, i € X*"® with 1/12 <b < 3/4, 1/4 <d < 1/2
and s <k +1if k>0and s <2« + 1 if k <O then, the following estimate holds

1t - @llgsa < Claallyeo - 1l (19)

Proof of the Proposition 1. We define
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FE ) = (1 = EEXUE,7) and g€, 7) = (1 +a&MP (YT, 7).

Therefore, [Ifli;z = llully«» and ligllzz = llvlls.
It follows that ' ’

I - vlle-a = (7 + €)Y - v, g
/ EXEN D)

R AT+ ENUT) = EN(Ty + ady)?

lellz

f (&1, 11)8(E2, )@(€, T)dérdTrdEdT|.

We use the following notation:

{7':71"'7'2 §=61+&
(20)

w=T+& w =1 -, W =Ty +a;

and we define

G- [ O e rster mvte, Ddeadndgdr,

(WY w){w>

Now it is suffices to prove that

W, g @l <clifllzz - l1gllzz - el

Consider R* ¢ Rj U R, U R3, where R; c R* for j € {1, 2, 3}. We write

€1, Rter, myeté, DMl Eadaddr
R; (W) {w1)*(

Wi=(f,8¢)=
and observe that IW| < IW (| + W] + IW3l.

We estimate each case separately. Using the Cauchy-Schwarz and Holder inequalities and
Fubini’s Theorem, we obtain

GRGI(N 2
o €1 B TRE DdadmddT

(&) ( (&) (&) Z‘VXRldfszz)

[Wy|? =

<IfIE- gl Nl

(@) (@ (w2 i
Similarly, we have
2 2 112 5 || ( (&1)7H(EY™ )
Wl < WU N2 1)« 2557 [ o ey X RadédT v
and
2 22 2 ||~ ( (€ (&)™ )
|W3| S |lf||L2||g”L2”¢”L2 <(u1>2b Rz <w>2d<w2>2bXR3dfsz2 L?IVT]

Using Lemma 17 and the fact (£)%(&1)™2¢ < (&,)?I], we get the following inequalities:

9% (ENHEY xR, dérdy < 1 / (&)™ B2kl yp, dér,
(WY Jr2 (W) (1 +a§§>2b “(w) Jr(t—(a- 1)52 288, +E1)P

Ji
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2s -2k 2k —2s+2|k|
(&2) (€177E XRy g o 1 / (£2) XR, ‘.

d
@ Jor @@t T a2y Jo (r 282+ £ - 2680
Jo

<§1>—2K <§>2K<§2>—2.YXR3 é:dT g / <§2>_25+2|K|XR3
WP Jer (@@ T (- ) Jr (- gl + €22

J3

dé .

It is enough to show that the functionals J1, J,, and J3, defined below, are bounded

_ 1 <§2>—2.v+2|1<|)(7€l
h= (T +£2) /]R (t—(a- 1),5-‘% — 288 + §2>2bd§2’ 21)
_ 1 <€:2>—2S+2|K|XR2
T n+ a3y /R (T + 262 + €2 = 2££,)M a¢, (22)
1 (&)™ g
= €2 23
- D /]R (11 — ag? + £2)M & (23)

In order to do so, we start by discussing the dispersion of relations. Note that
@ — w1 —w| = €2 + £] - ak)|
1
2|1 - al(¢” + &) = 2alé€1l, suppose 0<a< 5

>(1-a) &+ &) —a® +EDH =1 - 2a)(E* + &D).
It follows that

1-2a
3max{lwl, i, lwal} 2 (1 = 2a) max{€?, &1} > — =&,
Suppose that 1£;51 > 1, then we have
1 c
< .
max{|wl, [wi ], [wal} ~ |&2
Now, we define R,
Ri={1&21> 1, ol =max{lo], lon . ozl U {le2 < 1} e RE 24)
Ry = {|§2| > 1, lw| = max({|wl, w1, |w2|}} < (25)

Rs={1&21 1, I + ag?| =max{lol. w1, loa ]} < RE (26)

76,70
Let us prove that J; is bounded. Indeed, if || < 1, then J; is equivalent to

L ! .
@Y Sl (1 = (a = 1)é = 266 + £2)%
If 1&51 > 1, then J4 is bounded by

/ <§_~2>723+2|K|+4dXR]
d
&121 (T = (a = 1)EF =286, + £2)%
Note that J is bounded, when Ikl — s < 2d < 1 because b > 1/2.
To prove that J; is bounded, it is suffices to note that the integral below is higher than J, and
that converges since Ixl — s < 2b and that 2d > 1/2, that is, b < 3/4.
<é_~2>—2s+2|l< |74b)(722
/ 2 2 2d d
R (T2 +28° + &5 —28662)

&H<e.

&.

¢.
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Analogously, a similar way, we can prove that J3 is bounded, by using that Ikl — s < 2b and
b < 3/4. ]

Now we prove that the second non-linear term of the system is bounded.

Proof of the Proposition 2. Analogous to the previous proposition, the estimate (19) is equivalent to
prove that the functionals J4, J5, and Jg, defined below, are bounded

1 (O (N6 xs,

O e vz @D
1 (EENHEN xs,
Js = dé, 28
’ <Az>2b/R<rz+<a—1>52—§§+2§§z>2d ¢ 29
1 2s -2k -2k
N ©ME e s 00)

TP Ja (a2

where S; U S, U 83 =R* with S; being measurable.
Note that

1A= A1 = Aa| =a&” - &7 - &
> |1 - al(&} + &) - 2al&1 6], suppose0<a<%
> (1 —a)(&] + &) —a(¢] + )= (1 - 2a)(] + &),
indeed & = £ + &; such that I£] < 1£11 + 1£5] < 2 max{&y, &2} Hence,
1-2a

3max{|Al, |1, [} > (1 = 2a) max{é], £} > ——¢*.
Therefore, supposing that I£] > 1, we have
1 c
<—.
max{|A[, 1], 2]} ~ |£]?
Now, we define the regions S;,
si={1é1= L1 =maxgai il lahf o fie < 1 e RE g, (30)
S = {|§| > 1,1 41| = max{]Al, |41, uzn} CRY oo 31)
Ss={1€12 11m + &1 = max{lL L1l 1220} € RY . (32)
For k > 0, we have (£1)72(&;)™2 < (£)72¢ and in this case
2s—2k+4d
Ji < / @Z XS e, (33)
R (T +E2 = 266y + £2)2
Therefore, J4 is bounded since s — k + 2d < 0 for s — k < 2d.
Note that J5 and J¢ satisfy,
25—2k—4b
Js < / & At dé (34)
R (T2 +(a— 1)E2 - €5 +2£6,)%
and 25—2K—4b
(O xs
Js < / =20 dg,, (35)
R (T1 +a&* +&5)

and that they are bounded since s — k < 2b and 2d > %, that is, b < %.
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When « < 0 we analyse the following subcases:

1. Considering |£1]| < %I{;‘zl, we have (fl)‘z"(fz)_ZK < <§2>_4K. Moreover, |&| < &1+ (€] < % +
|€], hence I€2] < 3I€l. Therefore,

(EVB (&) 2Ky 2K < ()P,

2. Supposing & < 3|¢)], we have

(EVB(E) ()2 < ()P

3. The last case, 3|&] < |&1] < 31&].
(@) If&1, & >0, then 3£ <& <36 = 36 < €< 3&. Hence,

(O (&) (&) <,
(b) If&), & <0, then & <—¢) <36 = & < - < 36, thus |&] < 21£]. Hence,

(EVF (£ ) <@
(© Ifé&>0andé; <0, then Fé <& < R = b <é<FEH= €< SlE).
(d) If& <0and & >0, then 28 < —&) <36 = FL& < —¢ < 16, consequently |¢] < 11&].
The cases (1), (2), [3(a)], and [3(b)] are true for xk < 0 and s < 2k + 1.
Indeed, given A C R* the set of the elements of R* that satisfies one of conditions (1), (2), [3(a)],
or [3(b)], given B=R*\ A. Now consider A;=S; N A and B;=S; N B.
Analyzing the restrictions A4;, we get
_ 1 (EVB(EN &) ™ xp,
AP Jr (T+& - 266+
< / Oy,
RAT+E =286 +E2)%
Then J4 is bounded for s < 2« + 2d and b < 3/4.

_ 1 / (E) (&) (&) x4,
(20?0 Jr (2 +(a = 1DE? = &5 +266,)%
</~ <§>25—4K*4bXA2
R (T2 +(a—1)E — & +2£6,)4
and J5 is bounded for s < 2k + 2b and 1/2 < b.
7 = 1 / (EY (1) H(E) T x a4
TP S (r +ag?+ )M
S/ <§>2s_4k_4bXA3
R (71 +aé? + £5)4
Then Jg is also bounded for s < 2« + 2b and 1/2 < b.
To analyze the remaining cases (which is equivalent to supposing |£| < %|§2| and 111 ~ 1&5]) let

us consider them as regions B5;
We start by estimating J4,

dé&;

4

dé,.

Js dé

dé

dé&;

dé.

o (E)2(&1) (&) > yp,
COM g (T + €288 + 2
B / (&) yp,
TR THE 266+ E2)P
B / @ e x,
T e 20&6 - £

Js

dé&;

dé
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Now, |& — &] > |&] — 1€] > 316 ~ 31é .

Hence, J; < (£)»~4(g)y1 <5>772b,

<§>23—4d<§1 )—4K—1 S <§>2S—4K—4d—1 .

that is bounded because 2b > 1 and 2s < 4« + 2.

We continue to estimate Js,

dé

Js

_ 1 / €N xss

(2% Jr (12 + (a = DE? = €] +266,)%
- 1 / (EY5(E) ™ xa,
T Jr (mp+ (a - DE? - £ +286,)M
Setting 7 =7, + (a — 1)&* — €2 +2££, such that dn = 2(¢; + (a — 1)€)d€. Now, as 0 < a < 3, it follows
la — 11 < 1 and therefore |&; + (a — 1)é| > %|§2|- Observe still that

Il =102+ (a = DE - & +2£6)]
=12+ ((a = DE - 287 +266)|

< |l + (@ — DE* =265 +2£6| < |1 + & + 416
<c|A,|.

1 (&)
Js < ——— - =
RPN /<,,>SC<M> ard

| max (0,25} —4k—1 1
< / <§2>—d77, because €] < ~|&2]
(1) <c(A2) 2

de.

Thus,

(A2)? (>
max {0,2s}—4x— </12>2d
e TR

< <§2>max{0,23|—4k—1</12>—2b+2d < <§2>max{0,2s}—4k—l—2b+2d.

We prove Jg. Remember that
P / PN s,
CT P S (i tag? + )
1 / (O™ xps
T Jr (1 + a2+ £5)M

Letn=1 + afz + 53 such that dn = 2&,dé,. Now,

dé&;

dé>.

Il =7 +a&® + 2|
=) + (@ + & - €D
<clAyl.

And using that 1£1] ~ £,], we obtain
1 2s -4k
Jo < / (&) dé,
() <c{dy)

(A1) €1 1<)
max{0,2s}—4x— </l|>2d
< (&)ymax(025)-4 1</11>2b

< (g)max(0.25)~4k=1-2b+2d

As1/2<b<3/4and 1/4 <d < 1/2, we get —1 < -2b + 2d < 0 and hence we can take b and d so that
2s—4k—1-2b+2d <0if s <2k + 1.
Then, we completed the proof of Proposition 2. O

Remark 2. The lines s =—« — 1 and s = 2k + 1 intersect each other at the point where k = —%.
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B. Bilinear estimates for o < 2

For a > 1/2, we have some results present below.

Proposition 3. Assume that a > 1/2 (equivalently o < 2),u € X**?, and v € Xj’b, then the bilinear
estimate below holds if 1/2 <b <3/4,1/4 <d < 1/2,and |kl — s < 1/2,
[z - vllxr-a < Cllutllxun - N0l x50 (36)

The second estimate tells us that

Proposition 4. Let a > 1/2 (equivalently o < 2), u, i € X" with 1/2 < b < 3/4 and
1/4 < d < 1/2. The estimate
[|u - it ys-a < Cllullyes - 7] xxs (37)
holds for s <min{x + 1/2, 2k +1/2}.
Proof of Proposition 3: We start by considering the dispersion relation.
Note that
| — w1 —wa| = |€7 + £} ~ &3]

1
> 282 - 286+ (1 — a)§§|, using a > 5 we have

1-V2a-1
=2|€ = pabal - 1€ = (1 = pa)é2|, where p,= —

Note that the above dispersion relation has two regions: the lines & = p,& and € = (1 — u,)é> making
it difficult to use the relationship. Observe that if a = %, then p,=1— p, = % and if a = 1, then

Ha =0 (the case a = % will be treated separately, while the case a = 1 does not require much attention
despite being the case without modification).!
Before doing it, consider
Ar={l&] < 1) cRY,
2a -1
4

_H&@ch

A2={|§2I21,|(1—a)§2—§|> Ile}CR4,

2a

>

1
A3={|§2|21,‘§—§§2 1

Note that if |¢ — 1| < 22165, |¢ - 16| < 227L1&,), and 151 2 1, then

@—%)&h{&—%&yua—w&—fﬂ

<2 e 2 g = Ha- 2 e
<3 & 7 lel=7la-F]lel

This contradiction implies R* = A; U A, U As.
Now consider,
Az 1= Az N {lw| > max{|wi |, lwa|}},
Asz2 = A3 N {|wz| 2 max{|w], |w]}},
Az 3= A3 N {|wi| 2 max{|w], [wal}}.
Remember that [2¢2 + £2 — 2£&,| < 3max{|wl, lw|, lwa}.
Now, we define the regions R; (analogous to the proof of proposition 1). Let R| = 4, UA,U A3 1,

Ry =A3, and R3 = Az 3.
We will show that J is bounded. Indeed, if I£,] < 1, then J is equivalent to

1 1
d
(w)y* /lesl (T =(a— 1§ - 266 +EHP

& <c.
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If 151 > 1, then

Ji <

1 —2s+2|k|
/ (62) XAy &.

d
() Jig121 (T = (a— D& = 28&2 +E2)?
Changing the variable n =7 — (a — 1)& — 2£&; + &2, we get
dn=-2((1-a)é, - £)d&

and, using the fact that I« — s < 1/2, obtain the following equations:

! / (I T / R
@ Jigps1 (T —(a- DE =266+ 27 () Jigs1 ()2 7

1 / 1
<c——— | —dn<c.
() Jg ()*

Now, note that in A3 ; we have

1 2a -1
(1 - a)ér — &)= z(a—§)|52|— a2l

1 1
552—§+(§—a)§2 7

To complete the estimate of J, we change variable to get

1 / <§2>_2S+2|K‘X-A3,1 1 / <§2>_2S+2|K‘_1XA3,1
— dér <c dn
(Y Jig121 (T = (a = 1)é2 = 26&, + £2)% (WY Jg151 ()b

1 / 1
<c——— | —dn<c.
() Jr ()*

To prove that J is bounded just observe that

1 / (&) yp, 1 / (&) v 4y,
(T+ad? Jo ( + 282 + £ = 266047 () Jm (1y+262 + €2 - 26£,)2

- 1 <§2>—2s+2|l<\—1 J
= ) a4
() <4(w) n

<
- <w2>2b—2d

In the first inequality above, we made the change of variable i = 7o + 2£% + fg —2£&&; and used the
fact that

dé

n] =lws + (= w1 —w)| <4|w,].

We estimate J3. Analogous to the last estimate, we get

1 / <§2>_25+2|K|X7€3 1 / <§2>_2S+2‘K|XA3,3
|

d —
(T =D Jr (11 —a&] + 14 & al>1 (T —agj +&HM

(@) 4

—25+2|k|—-1
< 1 _ (£2) _
(W)** Jap<awr) ()
1
<—.
<w1>2b72d
Note that we used the fact that 7] — a€3 + £ =w| + (W — w1 — Wy).
This finishes the proof of the first inequality. O

dn

Proof of Proposition 4. Initially, we have that
R e I 1
1
> |2§§ —2¢&6 +(1 - a)é? using a > 5 we have

1-v2a-1

=216 = pa&l - 162 = (1 = pa)é|, where p,= >
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The dispersion relation above is zero in two straight lines.
Now, we define

(1€l < 1}cR4

{|§|>1

2 —
={|§|21,|(1 —a)E — &> =

}CR4,

1|§|} CR.

Note that if |£, — 1£| < 24-1[¢] and |¢; — 1£] < 2471 1] and still I£] > 1, then

(a - %)m - ’(fz - %5) F (- a)é - &)

2a -1
<
4

61+ 22 L (a——)|§|

Again, this contradiction implies R* = Bi U B, U Bs.
Now, consider
B3 =B N {|] > max{[4;], |12]}},
B3z = B3 N {|A2] = max{| 4], |1},
B33 =B85 N {|41] 2 max{|4], |12]}}.

We define the regions S; (analogous to the proof of proposition 2), setting S; =B, U B, U B3,
Sz = 63’2 and 83 = 83,3.
For k > 0, we have (&)72%(&,) 72 < (&)™

1 <é3>23 2K
Jy < 38
i ), Tl - s+ T Y
1 (6 s,
dé, 39
<12>2b /R (o +(a— D& — & +2£62)M ¢ 59
1 <§>2S_2KXS3

< 40
(/l])Zb R (7 +a§2+§§)2d (40)

To complete the proof that J4 is bounded it is sufficient to show that (38) satisfies:

1 / <é‘;>23 2K ) dé‘: < 1 / 1 df <c
W Jp rr 8 —2e 4% 2T W Jp rr 2 —2es ey 0T

1 <§:>25 2 X 1 <§:>25 2k-1
(@ /R T /R 2=

1 <$>2Y 2K)(B31 <é:>23 2k—1
</l>2d /R (T+ 62 2§§2 + §2>2b 52 = (/l)2d / <77>2b dfz <c.

In the estimates above, we used the fact b > 1/2 and also the fact that

1 1
52—§§‘=‘(1—a)§—§2+(a—§)§

1
. (a— z)m (1 - ) - &l

> (a— %)m - %(a— %)|§|=
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Let us estimate (39), using the fact that
N=1+(a-DE - +26 =1+~ - ),
which give us dn =2((1 — a)é — &>)dé, so

1 <§>2S—2KXB3'2 1 <é_~>2s721<71
2% / 2 dg < % / 27 —dan
(20?0 Jr (mp + (a = 1)E? = &2 +2£6,)% 20" Jap<aory <M

<——=5; <¢
(1,)2b-2d
Now let us estimate (40). This is completely analogous to the previous estimate.

1 / <§>25—2KX83 52 - / <§>2S—2K—1
AN Jr (ri+ag? + £ 777 QA0 Jupsaay

< ; <

- </11>2b—2d -

c.
This concludes the case « > 0.

The case « < 0 will be separated into sub-cases:

1. Supposing |£1] < 2|6, then, (£1)72(£2)2* < (&)™ Moreover,|&2| < &1 + €] < 222 + ||,
hence 1£;1 < 31£1. Therefore,

(EVB(E)H ()2 < ()T

2. Supposing |&| < %I& [, we have the same result, that is,

(EVB(E)) () < ()T

3. For the case, g|§2| <|&1l < %|§2|, we need to do the following:
(@) If€1, & >0, then 3£ <& <36 = 36 < €< 3&. Hence,
(O (ENHE) T <@,
(b) If €1, & <0, then F2é) <1 < 36 = F & < —£ < &, 50 &) < 2[€]. Hence,
(O (&N &) <P,

() Ifé& >0and &, <0, then & <& < P& = 16 <& <3 &, now €] < S1&).
(d) If¢r<O0and&; > 0,then 38, <—€) < 36 = F & < —& < 1&, which give us |€] < 11&].

The cases (1), (2), [3(a)], and [3(b)] are valid for « < 0 and s < 2« + %

Indeed, let C c R* be the set of element R* that satisfies one of the conditions (1), (2), [3(a)], or
[3(b)]. Now consider C; =S; N C.

Analyzing the restrictions on C;, we get

1 EPEN ) X el / e R
(M Jr (T + & =286+ E2)% R(T+ &5 =288, +E2)2

&

2= </1>2d
1 <§>2S—4K—1

(DM Jr ()P
<c, because 1/2<b<1ands<2k+1/2.

dé&;

dn

1 / <f)28<§1 >_2K<§2>_2KXC2 dé < 1 / <§>2S—4K—1
(A0 Jr (1o + (a — 1)&2 - g% 1266024 7 T (A Jop<any (M
1

<——<c.
- </12>2b—2d -
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1 (EVENHEY xey 1 / (&2l
dé, < —_—d
(Aq)% /R ¢ () <4() "

(m+agz+&d T ap® ()2

1
SWSC.

Consider D =R*\ C and D; = S; N D. To obtain the other cases (which is equivalent to supposing
€] < %Ile and 1£1] ~ 1&;1) let us consider the regions D;.
We begin by estimating J4.

1 (O (€& xp, der <! / (€)™ xp,
(M Jr (T +&5 —286+ %)% R (T +E5 =268, +E2)

25 dés

1 ()
M g

dn.

Now, &2 — €] 2 1&| - |€] = 31é ~ 51&1.
d
Hence, Jy <(£)>4d(g)y~41 Jr ﬁ, the right-hand side is bounded because 2b > 1,
n
2s <4k +2,and 1/4 < d < 1/2 in addition,

<§>25—4d<§1 >—4/<71 < <§>2s74l<71—4d < <§>174d.

Estimating J5:

dé

Js

_ 1 / EEN U0 xss
(A% Jr (T2 + (a = DE2 — &2 +2£6,)™

| / (EY*5(&) ™ yg,

TP Jr (T + (a - DE2 - E2 +2£86)M

Setting 7 =1, + (a — &> — €2 + 2£&,, which give dn = 2(&, + (a — 1)€)dé. As 0 <a < §, we have
la — 11 < 1 and therefore |&; + (a — 1)é]| > %|§2|. Also we note that

de.

Il =17 +(a - DE> - & +2£6|
=1(A2) + ((a — DE? = 285 +2£6)|
<Nl + [(a = D)E* =285 + 266, < |1y + &o] + 416
<cl|A,|.
Hence,

1 (€)% (&)~ !
</12>2b M) <c(Ap) <77>2d

1 max {0,2s}—4x—1 1
< / <§2>—d;7 because [¢] < =]
(my<c(Ap) 2

Js < d)]

()% O
max S—a4K— </12>1_2d
S R e

< <§2>max{0,23}74l<71(/12>1—2d—2b < <§2>max{0,23}74,<72.

Since 1 —2b —2d < —1/2.
Now, we estimate J¢. Remembering that

P /<§>25<§1>‘2K<§z>‘2“)(s3
CTN? Jp (i +ag? 2

1 / (ESE) ™ ya,

TN Jr (1) +ag? + £

dé&;

dé».
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Using 7 =11 + aé” + f%, which give dn = 2&£,dé,. Now,

Il =71 +aé” + &
= (A1) +(ag® + & - &}
<c|Ay].
By using the fact that I£] ~ |£,], we have
2s -4k
Jo < _ (&) <§1>2d
A" Japy<ecany  1E11Km)
(/ll>l—2d
(A1)%

dé&;

< (& ymax(02s) -1
< (& )ymax(0.2s) =42
And this finishes the proof of Proposition 4. O
Remark 3. The lines s = —« — 1/2 and s = 2k + 1/2 intersect each other at the point k = —%.

C. Bilinear estimates for o = 2
Next we prove a new bilinear estimates for the interaction terms in the case o =2
Proposition 5. Assume that a = 1/2 (equivalently o =2). If 1/2 <b < 3/4,1/4 < d < 1/2 and |kl
< s, then for u € X“P andve X;’b, the estimate below
[ - vllxx-a < Cllutllxxb - [|0]lxse (41)
holds.
The second bilinear estimate tells us that
Proposition 6. Let a = 1/2 (equivalently o = 2) and u, ii € X", then
[|u - @]l ys-a < Cllullxws - ||| xxn 42)

holds if 1/12 <b <3/4,1/4<d < 1/2and 0 < s < k.
Proof of Proposition 5: We begin by noting that

lw—wi —ws|=

1
g+él =58

1
- ‘252 +286) + 553

2

1
=2§+§§2 .

In this case, we do not have to take the dispersion relation. Then, we consider R; = R* and
R> =R3 =@. Thus, we only need to prove that J; is bounded. If Il < s, then J; is equivalent to

1 / 1
dé <c,
(WP Jigi<1 (T — 38 =286+ E2)
since b > 1/2 and d > 0. This finishes the proof of the proposition. O

Proof of Proposition 6: As in the previous case, we cannot take advantage of the dispersion
relation. So let us take S; =R*and S, = S3 = @. Note that it is enough to estimate J 4. Initially assume
that k > 0, 50 we get (1) (£2) 72 < (6)™*

1 <§>2S_2K/\/31
fs ()M /]R (T+& =266+ 4

Finally, since s < k, b > 1/2, and d > 0, we conclude that J is bounded. O
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IV. LOCAL EXISTENCE FOR LOW REGULARITY DATA

In this section, we prove, by using the Banach Fixed Point Theorem, the result of local well-
posedness. We only show the case 0 < a < 1/2 because the others follow the similar arguments.
Consider the following functional space where we will get our solution

2, {(u v) € XK1 HH ><X“+" lell g < Mo, 0] . WSMZ} (43)

where 0 < u < 1 and M, M, > 0 will be chosen after.
We note that X, is a complete metric space with the standard norm

G, 0)llg, = llull ... +IleI e (44)

For (u, v) € Z,,, we define the maps

D1 (u, 0) =1 (D" ug — iy (1) / % Gu(t’)y - G- o))t (45)
0

O, ) = Y1 (NP vy — ity (1) / D% ot - £ (1)1t (46)
) 2

We will choose p < u(k, s), where dzé — 2u(k,s) and b:% + u(k,s) satisfy the conditions of
Propositions 1 and 2.
According to Lemma 1, with b’ = —d and Propositions 1 and 2, we have

19100l < Colltolle + e T (Ol s, + 10y, )
<co||uo||HK+c1T”(0||uu e+l 0l )
l
< colluoll g« +ClTﬂ(0M1 +M1M2),
" a2
10208, 0)1 s < colloolle + 2T (@l o I

U “ 2
<colloplls + 2 (anvn o 2||u||xw)
2
<collvollgs + 2T (Q’Mz + EMI )
Defining M =2co||ug || g+ and M =2co||vo || s, we have the following equations:

M,
1Dy (e, v)]| <3 clT”(GMl +M1M2)

K+/1_

and
| D2 (u, v)l

v+y—

M +cyTH (aM2 + M2)
2 2

Then (@ (u,v), P2(u,v)) € X, for

1 1 M
TH < ~ min , 2 . 47
2 i@ +M)" co(aMy + §$M7)

Similarly, we have that

101, 0) = 1D 1, Sc3<M1,M2>T“(||u—u|| o=l )

a

[9201t,0) = 260, D), +,,Sc4(M1,M2)T”(||u—u|| g 0=, )
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Now, using (44) and inequalities above, we have

1
< 7l v) = @ Dy, (48)

H((I)l(u, v), Da(u, v)) - (d)l(it, ), Do(it, 17)) .

to

1 1
TH < — min{ , }
4 c3(M1, M) ca(My, M)
Therefore, the map @ x ®,:X, — X, is a contraction, and by the Fixed Point Theorem there is a
unique solution to the Cauchy problem for T satisfying (47) and (48).
O

Remark 4. The case p = q = —1 can be treated by using the same ideas that in the case
p=q=1,forany o > 0.

Remark 5. The casep=—1and g=1orp=1and q=-1 (for all o > 0) is the same in the case
p=q=1foro>2.

V. GLOBAL WELL-POSEDNESS RESULTS
In this section, we will study the global well-posedness for system (49) below:
i0iu +p(9xzu —Bu+uv=0,
icOv +qd%v —av+iu?=0, te[-T,T], xeR, (49)
u(x, 0) =ug(x), v(x,0)=vo(x),  (uo,vo) € H*(R) x H*(R),
where 1 and v are complex valued functions.
One of the interests in working with system of equations in physics is to obtain stability for

certain types of solutions. In this case, it is essential to have global well-posedness results.
Starting from the conservation law

E(u,v)(®) = |lull}, + 20 |lv][}.. (50)

it is known that if u and v are solutions of this system with initial conditions (ug, vo) € L% x L2, then
Vi€ R, we have E(u, v)(1) = E(u, v)(0) = |luo|l?, + 2 |uol|7,.

Our main result presented here is theorem 2.

To get the above result, we will follow the ideas presented in Refs. 4, 7, 16, and 8.

We note here that we did not explore the second quantity conserved for light regularities, for
example, greater than 1, i.e.,

H(u, 0)(0) = pllucll}> + gllog|l7, + 0llully, + allvll}, — Reu?, )2 (51)

A. Preliminary results

This section is devoted to the proof of the global well-posedness result stated in theorem 2 via
the I-method.
Lets <0and N > 1 be fixed. Let us define the Fourier multiplier operator

() = &) = (@€, me)=1 e (52)
N ’ N7ER,  1§1=22N,
where m is a smooth non-negative function.
Lemma 3. The operator I applies H*(R)+— L?. Moreover, the operator I commutes with
differential operators and Iu = Iu. That is,
Lo @2 < eN7*ullgs,
2. P(D)I(u)=I1(P(D)u),

d
where P is a polynomial and D = e is the differential operator.
idx
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Proof. 1t follows from the definition of / and properties of the Fourier Transform. O

We will need the following.

Lemma 4 (Lemma 12.1 of Ref. 6). Let ag > 0and n > 1. Suppose Z, X1, . . ., X,, are translation-
invariant Banach spaces and T is a translation invariant n—linear operator such that

n
a .
y<e [ ]y -
. v
Jj=1

[[ERCTI—

foralluy, ..., u,, 0 <a < ag. Then,

[[FEaCTr—

n
a
2=¢ HHINMJ“)(,-’
j=1 '

foralluy, ..., uy, 0 < a < ag,and N > 1. Here, the implied constant is independent of N.
Another essential result is

Lemma 5 (Lemma 5.1 of Ref. 8). We have

|(02°F) - g2 < liflixasrzligliyone,

if 161 < &1l for any |&1| € supp(]?) and |&| € supp(g). Moreover; this estimate is true if  and/or g
is replaced by its complex conjugate in the left-hand side of the inequality.

Remark 6. The lemma above is valid replacing X*'? by X,?’l/ 2,

B. Local well-posedness revisited

Now, we take N > 1 a sufficiently large integer and we denote by / the operator / :=[* for a
given s € R.
We have that system (49) applied to the operator [ is given by

{ i0du +p0*Iu — Olu + I(wv) =0,

53
iocd v +qdlv — alv + %I(uz) =0. 55

Let us state here a lemma that will be used to demonstrate the local well-posedness theorem and
then re-obtain the bilinear estimates.

Lemma 6. Given—1/12 <b’ <b<1/2,seR,a>0,and 0 < T < 1, the estimate below
gz (Ol g < T ] s (54)

holds.
Proof. See Ref. 10. O
Lemma 7. If 1/4 < d. for by, by € R such that (by, by) = (0, 3+) or (b1, by) = (3+.0), then

Il vllxo-a < cllullyor - fvllgor,. (55)

Proof. Without loss of generality, let us prove only the case b, =0 and b; = % + . Following the
ideas from Proposition 1, it follows that

Il - vllxo-a < [lullxo, [0l xoe,

1 1
(T2 +a§§)2bz /Rz (1) - §%>2b,<T+§2>2dd§dT

£
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On the right-hand side of the inequality above, using Lemma 16 and Lemma 17, we have that

1 1
/Rz (11— EDPi(T + €)X dedr < /Rz (T + 282+ £2 = 2¢6,) dédr<c.

Analogously, we prove the lemma below.

Lemma 8. Consider 1/4 < d. Given by, by € R such that (b, b)) = (O, %+) or (b1,by) = (%+, 0).
Then
||I/lw||Xl(1),—d < C||u||X0,h1 . ||w||X0,b2. (56)

Remark 7. The above results are independent of the value of a > 0.
Now let us revisit the fixed-point theorem to find the best exponent for d.
Proposition 7. For all (ugy, vg) € H* X H® and s > —}1 and ) <a< % ors> —% and a > %, system

(53) has a unique local-in-time solution (u(t), v(t)) defined on the time interval [0, 8] for some 6 < 1
satisfying

—4
8~ (Muollz + Mvoll 2) (57)

Furthermore, |[lug||xo.1/2+ + |[{vo|ly0.1/2+ < c(IMugllz2 + 1ol 2).
a

Proof. Using the Lemmas 3-8 the proof follows in a similar way to the Proposition 5.5 of
Ref. 8. O

C. Almost conservation of the modified energy
Let us consider the energy E associated with the system (53)

E(Iu, 1v) = |[lull}, + 20 [[[v]|}. (58)

Theorem 3. The functional energy (58) was derived with respect to the time given by

%E(Iu,lv) = ZIm{/(I(Ev) - Iﬁ]v))]ﬁdx} + ZIm{/(I(uz) - (Iu)z)lﬁdx}.

Proof. Also using the following fact /]_‘ . 8xzf = /I[ixf|2, we get

%E(Iu,lv):/ﬁtlu-Iﬁ+/1u-6,lﬁ+2a‘/6,lv ~15+20'/Iv -0 dv
= —ZIm{ / (IGuv) — Tulv) - Iﬁ} + ZIm{ / (1(#) - (m)z) : Iu}.

-4/3

]

From now on 6 = (||Tul|;2 + |[Tv]|;2)
fundamental theorem of calculus, we have

. Let us now estimate the modified energy. Using the

%)
E(lu, Iv)(6) — E(Iu, Iv)(0) = 2Im / ( / (I (wv) — Tulv)) Iﬁdx)dt
05 R
=2Im / <(1(uu)—mlu)A; Iu> dt
0 L?

5 .
+21m/0 <<I(u2)_(]u)2) ;Iu>L2dt.
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Observe that

U (wv) - Tulv)" = m(&)i - v — T * Tv
=/1Aﬁ(§1)IAu(g-‘z)(m(E)_m(fl)m(&))d&

m(&1)m(&2)
and
(162 ~ (w?)" = m(@u? ~ u Iu
- [iten e | M= EED ) 4,
Therefore,

Yo - Yo} - - -
/ () - rroys ) ai= / / / Fien) To(&n) FH@M(E, £)de, de dr,
0 L2 0 JRs IR

analogously, we have that

5 =R 5 = . .
[t -ar)s i) a= [ [ [ fue e Toemee. nae e ar
0 L? 0 JRg JRg

o)

We note that fixed N > 1, 1£1] ~ N1, and 151 ~ No, we have
(1) If21&41 < 1&;1 and 21€11 < N, then |M(§,§1)|s%.
(i) If21&50 < 1€¢1and 21&;51 < N, then |M(&,£1)] 1N7f
(i) If 21&11 < 1&51 and 1€1] > 2N, then |M (&, £1)| S %
(iv) If21&50 < 1€11and 1&;7] > 2N, then |M(&,£1)| S %
(V) IFIE1] ~ 12l 2 N, then [M(, &0l < ().

By the symmetry of the variables, it is sufficient to verify only the statements (i), (iii), and (V).
We will use the fact that m’(£) = —=NI£172.
In the first case, as &1 < N, we get m(¢1) = 1, hence

m(é + &) —m(&)| |m'(€)|€1]
m(&7) m(&;)

Still, to verify the item (iii), we observe that %Ile <|&1 + &2| <£2|&;]| and thereby,

mé + &) —mENmE) _NE + &I - NI&ITINIE]!

M

IM(, &)l = SN

m(&,) Nié& ™!
_ el N
e+ &l 14l
s2—i~l.
&1
1 N

Then, (iii) follows easily from observation that M (&, &1) ~ —— = —.
m&) N

The last case follows from the fact that

m(&r + &) —mEDmE) =NIE + &7 = N2 & el

1 N
NN(m ‘W)

_ N -y
21&1] 1&1]
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2
Ny
Therefore, M (¢, &1) ~ m ~ (—) .

N
Considering
6 — — —
Ly =2Im / / / Tien) To(&2) Ti@M(&, €0)de, dé dr (59)
0 R Rs‘fl
and 5
Ly =2Im / / / futer) Tuér) To(©M(E. e, dé dr, (60)
0 Rg Rs‘f]
we get

|[E(Iu, Iv)(6) — E(Iu, Iv)(0)| = |Ly + Ls|.
Proposition 8. For o > 2 and s > —1/2, we have

|, 10)(6) ~ E(u, Io)O)| <N 282 M@, , 1@, (61)

1,
5t

Proof. 1t is enough to estimate L; and L,. We still note that L; and L, are equivalent. In this
case, let us restrict ourselves to estimating L. Let us use the notation I£1 = I£] + &2 ~ N3
For 21£11 < €51 and 21€11 < N such that |[M (&, £1)] < %—; Then, from Lemmas 5 and 6, we see that

172
N

[Li] £ (—)
N> |

N 1/2 B R
(%) w i,

—1/241/2 2
SN ||I(M)||XO,%+||1(U)||Xo,%+-

D) - 1o(&)|| .| 7l

-~ 12|57
I RO A 7 M

The case (ii), that is, 2I&>1 < €11 and 21€,] < N follow by the symmetry of the variables.
1/2
In the proof of cases (iii) and (iv), when s = —1/2 such that |M (&, &) < (%) /

|L|<ﬂ1/2)
=N

(%) el

D! fiter) - Fo(e)| .| .

—~ 172 —~
X().1/2+ IU”x().l/2+6 HIMHX(M/%

N
<NVl ),
X X

1 1.
5+ "2
For the last case, we have |[M (¢, &1)| %, when 1£1] ~ €21 2 N, thereby, I£1] < 2I£], and it implies
Ny
L] < —|
N

DI Fiter) - Fo &) | .
< ﬂN{‘”Hﬁ‘“

N o'

—151/2 2
<N ¢ ||I(u)”X0.%+”I(U)”x(’%*'

Xx0.1/2+ IU||X0,1/2+ x0.1/2+

Since |E(Iu, Iv)(8) — E(u, Iv)(0)| = |Li + Ly| <|Li| + |L2| < c|L1], we obtain
|Eu, Iv)(8) = E(Iu, I0)(O)] < cN~' @2 | @) oy
x»2* ’

O
Following the same arguments presented above, we prove the following
Proposition 9. For 0 < o <2 and s > —1/4, we have
|E T, 10)(6) = Eu, 1o)O)| N353,y W01, (62)

Proof. Analogous to the previous case. O
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D. Global existence

In this subsection, we will demonstrate Theorem 2.

Proof. Given the initial conditions of the Cauchy problem (49) (ug, vp) € H* X H® such that
M (uo)ll2 <N~ |lllgs and [[1(vo)llz2 < N [luollgs-

Applying the local well-posedness result of the Proposition 7, we see that there exists a unique
solution in the time interval [0, 6], where § ~ N~*5/3 and such that

GO g+ M@ g1, <N,
For o > 2 and s > —% and using the Proposition 8, we have

\E(Iu, [v)(8) — E(Iu, Iv)(0)] < N"2 52N~

We should now prove that for every T > 0 we can extend our solution to the range [0, T]. In
order to do it, it is enough to apply the local well-posedness Theorem7 until we reach this interval,
that is, 7/6 times. If the modified energy does not grow more than the initial one for this number of
interactions, we can conclude that the result is extended up to the interval [0, T, that is, we should
have

|E(Iu, Iv)(6) — E(Iu,lv)(0)|§ < E(Iug, Ivp). (63)

Therefore, it is sufficient that
T
N—%é%N—3fg <N or N 26 INIT < N5, (64)

Hence we conclude that —% - 35+ % < —2s because 672 ~ N23_ It turns out that for any
s > —1/2 we can extend the solution at any time interval by taking 1 < N.

The proof of the other case (0 < o < 2) follows similarly. O

The theorem showed in this section tells us that the solution of the Cauchy problem extends
globally, in time, in the sense that it connects the points (0, 0) and (—1/2, —1/2) when o > 2 and the
points (0, 0) and (—1/4, —1/4) in the case 0 < o < 2.
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